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Abstract 

Teleportation of a pure two particle entangled state of continuous variables by triplet 
of the Greenberger-Horne-Zeilinger form is considered. The three-particle basis needed 
for a joint measurement is found. It describes a measurement of momentum one of single 
particle and total moment and relative position of the two others. Optical realization 
using squeezed state of the light is discussed. 

1 Introduction 

The main resources of quantum teleportation proposed by Bennett et al [|l[] and demonstrated 
in experiments @, [|J are an EPR pair and Bell measurement. If a sender or Alice wishes 
to teleport a two qubit state one EPR pair and two bits of classical information are required. 
Because of the linearity of quantum mechanics, teleportation of N particles can be achieved 
one-by-one using N EPR pairs, however if the N particle state is entangled it needs another 
resource. 

Lee et al have considered a protocol of a two-spin pure state in noisy channel modeled 
via two Werner states instead of two EPR pairs. It has been shown that the one by one 
teleportation of entanglement cannot be perfect even when the channel is quantum correlated. 
Indeed in the case of multiqubit entanglement the one by one protocol can be modified ||. It 
results in two entangled qubits can be teleported by a triplet of the Grinberger-Horne Zeilinger 
(GHZ) form using 3/2 bits per particle by contrast 2 bits per particle if two EPR pairs are 
involved. Karlsson et al || have proposed GHZ to transmit single qubit for two receivers 
however one receiver and only one of them can recover an unknown state. 

Teleportation of continuous variables proposed by Vaidmann |7j has been developed by 
Braunstein et al H, || and many others. This version is very attractive because of its optical 
realization where properties of squeezed light are exploited to the full as it has been demon- 
strated in the optical experiment || using the light of the optical parametric oscillator as the 
source of EPR pair. 

In this work we consider how to teleport two particle entanglement of continuous variables 
by triplet GHZ. In this scheme Alice and two receivers Bob and Claire spatially separated 
share an entangled state of the form of GHZ. Alice wishes to send an unknown two particle 
entangled state. She performs a three particle joint measurement which outcomes she transmits 
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to both receivers as 3 bits of classical information. We apply formalism presented in || and 
find that the main feature of the discrete version of teleportation is reproduced in continuous 
variables. So that first, the required three particle basis for joint measurement must be two 
particle entangled by contrast the maximally entangled basis in the one by one protocol, second 
an unknown two particle state can be recovered by two receivers together. We discuss optical 
realization based on squeezed light. 

2 Teleportation of continuous variables 

For main resources of teleportation such as ERP pair and the Bell basis in the continuous case 
representation of the position and momentum basis eigenstates \x), and \p) is convenient. Using 
the complete and orthogonal set of \x), any N - particle state can be written in the form 

|-*4)i,.jv — J dxi...dxNA(xi, ..xn)\xi)...\xn) (1) 

The continuous Bell states can be obtained from (P, if N=2 and A(xi,x 2 ) = S(x± — x 2 — 
Q)exp(2iPx)/y^ 

|*(P,Q)) = -= [ dxexp{2iPx)\x)\x-Q) (2) 

\/7T J 



The functions \^f(P,Q)) are eigenstates of total momentum P P = (pi +p 2 )/\f2 and relative 
position Xq = (x\ — x 2 ) / v2 of two particles for which eigenvalues are P and Q. The continuous 
Bell states are complete and orthogonal [|T0[ 



dPdQ\V(P,Q))(V(P,Q)\ = 1 

(*(P, Q)\V(P\ Q')) = 5(P - P')8(Q - Q') (3) 

For Q = and P = one can find a maximally entangled state \^(0, 0)) or EPR pair. 

Let Alice wishes to teleport an unknown state \A)x of a particle 1 to Bob. It needs an EPR 
pair | \I> (0, 0) ) 23 of particles 2, 3 shared with A and B and a joint measurement of particles 1 
and 2 in the Bell basis \^(P, Q))i2- Writing the wave function of the combined system in the 
form 

|A)i|*(0,0))23 = - / dPdQ\*{P,Q)) 12 \B) 3 (4) 

7T J 

one finds the state of the Bob particle \B>) to be connected with an initial state \A) by unitary 
transformation 

\B) = U B (P,Q)\A) (5) 
Ub = J dx exp(2iPx)\x)(x — Q\ (6) 



2 



The series expansion given by (f|) describes a joint measurement of the total momentum Pp 
and the relative position Xq of particle 1 and 2. If outcome P, Q is obtained then the Bob 
particle 3 is projected into state that can be transformed unitary to an unknown teleported 
state \A). 

It is well known realization of the presented continuous protocol in quantum optics where 
electromagnetic field is described by the photon operators of creation and annihilation 
and a. The canonical momentum and position of the light are the quadrature operators 
X{6) = (aexp(i9) + h.c.)/2, when p = X(— 7r/2) and x = X(0). They can be measured 
by the balance detection scheme where signal and a local field oscillator are mixed and the 
difference of two photocurrents is measured. As the source of EPR pair a subthreheld optical 
parametric oscillator (OPO) produced pairs of correlated photons can be used. For a simple 
model of OPO its output is a = a coshr + aj sinhr, where aj, a , are input operators, r is the 
squeezing parameter. Output state of the light can be squeezed over one of the quadrature, 
so that we find momentum squeezing if r > and position squeezing if r < 0. For perfect 
squeezing \r\ — > oo the noise of the light described by the standard deviation of ((AX) 2 ), 
where AX = X — (X), 9 = 0, — 7r/2, can be suppressed up to zero in a frequency range: 
((AX) 2 ) — > 0. Such property arises for instance when the averaging state is eigenstate of the 
considered operator X, then squeezing results in entanlement. 

EPR pair of the state |^/(0, 0))23 can be prepared by splitting two beams from two OPO like 
bj = Ojo cosh Tj + a] sinh rj, j = 2, 3, where one of the beams has momentum squeezing r 2 < 0, 
and the other is position squeezed r 3 > 0. Then in the output of the 50% beamsplitter one can 
find superposition of the form a 2 = (b 2 + b 3 )/y/2, a 3 = (b 2 — b 3 )/\/2. For perfect squeezing |r 2 |, 
r 3 — > oo the needed properties of EPR pair arise 

x 2 - x 3 = (7) 
P2 + P3 = (8) 



where £2,3 and ^2,3 are position and momentum operators of particles 2 and 3. 

In the Heisenberg picture is presented to describe teleportation based on squeezed light. 
For Bob particle 3 the following operator identities are fair 

x 3 = xi- (x 2 - x 3 ) - V2X Q (9) 

P3=Pl + (P2 + Ps) - V2P P (10) 



where Xq = (xi— x 2 )/v / 2 and Pp = (pi+p 2 )/V2 are operators of joint measurement of particles 
1 and 2 in the Bell basis \^(P,Q)). If the outcome is P, Q, in (||) and fllOD it results in Xq — > Q 
and Pp — > P. Then taking into account properties of EPR pair given by (|?p one find operators 
of particle 3 to be equal up to unitary transformation to operators of teleported particle 1: 
x 3 = xi — \plQ and p 3 = p\ — y/2P. Note here the squeezed light produces entanglement. 
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3 Teleportation of entangled state 



^From linearity, teleportation of N particle can be achieved one by one using N EPR pairs, 
however in particular case of entangled state it needs a less expensive channel. Considering in 
(0) two particles for which A{xi,Xq) = A(x\)5(xi — x<i — q) one can find an entangled state of 
the form 

\A) n = ( dxA(x)\x)\x - q) (11) 



It is a eigenstate of the relative positions operator x\ — x<i with eigenvalue q. 

Two particle-entangled state (11) can be teleported by the GHZ triplet of particles 3,4 and 



5 shared with Alice and two receivers Bob and Claire, where Alice has particle 3 and the others 
4,5 are in the Bob and Claire site. Let Alice performs a join measurement of particles 1,2,3 
which outcome is K. It results that the state of particles 4 and 5 is entangled and projected 
into state \BC) that can be transformed from the initial state \A) by a map 

\BC(K)) = U BC (K)\A) (12) 

For the teleportation protocol operator Ubc must be unitary. More of then let this operator 
be factorized when acting on the considered entangled state 

U B c\A) = U B U C \A) (13) 

In other words we assume that only both receivers B and C can retrieved an unknown state 
but one of them cannot do it. 

Operator Ubc is defined by the basis of the joint measurement. It would be possible to 
expect that the task can be accomplished by the three-particle basis of the form 

\V(P,Q,R)) = A=f dxexp(3ixP)\x)\x - Q)\x - R) (14) 

\/7T J 



where three particles are entangled. The introduced functions being eigenfunctions of the total 
momentum operator pi + p 2 + Ps and relative positions with eigenvalues P 

and Q,R are complete and orthogonal set. If Q, R, P = one can find the maximally entangled 
state of the GHZ form 

\GHZ) = —=\ dx\xxx) (15) 

\/7T J 



Using this basis and triplet GHZ to teleport an unknown entangled state \A) it results in the 
operators Ub, Uc of the form 



U B (P,R) = J dxexp(3iPx)\x -R){x\ = U ] 
U C {R,Q) = J dx\x-R)(x-Q\5(Q-q) 
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where only one of them is unitary. As for discrete case considered in |J the maximally entangled 
basis does not result in the solution of the problem for continuous variables. 

To teleport an entanglement of the form flTlD it needs a three - particle basis where two 
particles are entangled only. This condition can be satisfied by the set 7Ti( 2 3) = {\b)i\^/(P, Q))23} 
where wave functions form a basis in the Hilbert space of the particle 1 

tZ6|6)(6| = l (16) 

and \^?(P, Q))23 is Bell state of particle 2 and 3 given by (0). With the use of basis 711(23) one 
can write the combined state as 

\A) 12 \EPR} 345 = -^J dbdPdQ\b) 1 \^(P,Q)) 23 U B (P,Q)Uc(b,Q,q)\A} 45 (17) 
where the unitary operator Ub is defined by @ and 

U c (b,Q,q) = V^ [ dx(x + q\b)\x)(x-Q\ (18) 



Operator Uc is unitary if and only if 7r|(6|x + q)\ 2 = 1. It enables to establish the basis (0) 
obviously resulting in a set of eigenf unctions of the momentum operator of the particle 1. Now 
the wave functions from 711(23) m (0) ^ a ^ e ^ ne f° rm {\p)i\^(^Q))23} being eigenfunctions of 
the momentum operator of particle 1 p\ and operators of particles 2 and 3 such as the relative 
position Yq = [x 2 — x 3 ) / v2 and total momentum U P = (p 2 +p 3 ) / V% with eigenvalues p, P and 
Q. As it follows from (|T7|) for outcome of measurement to be p, P and Q an unknown state is 
connected to the state of particles 4 and 5 by unitary transformation 

\BC(p, P, Q, q)) = U B (P, Q)Ucip, P, Q, q)\A) (19) 

Then after acting by unitary operations U B , and Uq both receiver B and C recover unknown 
state. 

Consider how to prepare the two-particle entanglement in the form of ( |Tl~D that can be 
teleported with the use of triplet GHZ. If to mix by beamsplitter two states like / A(x)\x)dx 
and \x = 0) one finds the desirable state after beamsplitter. As entanglement \A)i 2 is eigenstate 
of operator Xq or some difference of quadratures then their uncertainties are equal to zero 
in this state. Such property has the two mode light with the relative position or a difference 
quadratures to be squeezed. In the Heisenberg picture as for EPR pair (0) the position operators 
of modes satisfy equation 

x x - x 2 = (20) 

In the same way the GHZ triplet can be prepared from squeezed light 0. It needs mixing 
of the tree modes of light we denote as particles 3,4 ,5 by two nonabsorbing beamsplitters 
described by their matrix 

T =( C °1 S[n \) ( 21 ) 
\ sin 6 — cos 6 
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Let the modes 3 and 4 are input of the first beamsplitter for which sin# = l/y/3 and a 
beam of one of its output is mixed with mode 5 by the second 50% beamsplitter. Then the 
bosonic operators of input modes bj, bj, j=3, 4, 5 and output operators CLj j d j £1X6 connected by 
unitary transformation 

a 3 = 

°* = T3 f ' 3 - 7t' + 7f" 5 (22) 

Let input is the light of OPO for which bj = aj cosh rj + aj sinhr.p j=3, 4, 5, where modes 4 
and 5 have the position squeezing (r 4 5 > 0) and mod 3 has the momentum squeezing (r 3 < 0). 
It follows from (|22| ) that in the case of perfect squeezing r^, \r 3 \ — > oo there is the triplet of 
GHZ with properties 

£3 — £4 = 

X3-X5 = (23) 

P3+P4+P5 = 

Now we can present the Heisenberg picture of teleportation entanglement ( |TT]) by triplet 
GHZ. Series expansion of the form flTT| ) describes a measurement of the observable such as 
momentum p 1 , relative position Yq = (x 2 — x 3 )/\/2 and total momentum U P = (p 2 + p 3 )/\/2, 
where pj and Xj are the momentum and position operators of modes j = 1, 2, 3. Similarly to 
(0) fllHD we can write identities for modes 4 and 5 

£4 = x 2 + (x 4 - x 3 ) - V2Yq 

X5 = %i + {x2 - xi) + (x 5 - x 3 ) - y/2Y Q (24) 

Pb = P2 + (j>3 + Pa + P5) + (Pi - P5) ~ (Pi + V2U P ) 

Pi = pi + (p 3 + p 4 + Ps) + (Pa - Pi) ~ (Pi + v^IIp) (25) 

If measurement has outcome p,P,Q then in (|24]) and (^) it results in p\ — > p, Up —>■ P and 
Yq — > Taking into account properties of the teleported state given by (P0|) and GHZ (^) 
one can find the operators of positions of teleported state and GHZ to be connected by unitary 
transformation 

£4 = %2 - V%Yq 

x 5 = Xl -V2Y Q (26) 
For the operators of total momentum it follows 

Pi + Ps = Pi + p 2 (27) 

Thus entanglement of the light modes 1 and 2 is reproduced by pair modes 4 and 5 of GHZ. 
This work was supported in part by Delzell Foundation. 
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